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Theorem

Let (V, (-, -)) be an inner product space.
Let ||-]| be the inner product norm for (V/, (-, -)).

Let E = {e, : n € N} be a countably infinite orthonormal subset of V.
Then, forallh € V:

> b e)l < llAIP

n=1

Corollary 1

Let E be a orthonormal subset of V.

Then, for each h € V, the set:
{ee E:(h,e) #0}

is countable.

Corollary 2

Let E be a orthonormal subset of V.

Then, forallh € V:

D KKh e < [ll?

eeE

Proof

Note that for any natural number #n we have, applying sesquilinearity of the inner product:

h - Zn: <h, ek) e

k=1

2 n n
= <h— Z (h,ex)ex, h— Z (h.e;) ej>

k=1 j=1

j=1

j=1
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z": (hoej)e;

j=1
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(h, h) - <h’ z": (h,e;) e,> - <Zn‘, (h. ex) ex, h> + < Zn: (h,ex) ex,
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e <h,§1 (he)) e,> - <hjz1 (he)) e,> .

Al? - <h, Z (h,e,-)e,> - <h, z (h,e,-)ej> + Z 1<, ex) exll?
j=1 j=1 k=1

2

Z (h’ ek> €k
k=1

1Al — < 2 (h.e;) > - <th (h.e;) > + él I(h, e)?

We have:

<h,gl (h,e;) e,>

n
Z <h, <h, ej> ej> sesquilinearity of inner product
n
= Z <<h, ej> ej, h> conjugate symmetry of inner product
n —
= X (eph)(he;)
j=1

n
= 2 (h,e;) (h,e;)  conjugate symmetry of inner product

n
= 2 |<h, ej>’2 Product of Complex Number with Conjugate
Therefore:
n 2 n 2 n 2 n
= Y (e = 1hIF =X [(he)[ =Y [(he)l + X [Khedl
= j=1 j=1 k=1
since |<h, ej>|2 is real
n n .
= AP =2 Z |<h ej>|2 " Z [(h, e)? fonr each j, we have
i=1 k=1 Z|<h,ej>.2€|R
j=1
n
= [lAl? = )} Khie)P
k=1
Since:
2
Z (h,er) ey
we have:

n
> el < |1alP
k=1

Since:
[(h, ex)]* > 0for each k

we have that:

n
the sequence < Z [{h, ek)|2> is increasing.
k=1 neN

So:

https://proofwiki.org/wiki/Bessel%27s_Inequality 2/3


https://proofwiki.org/wiki/Definition:Sesquilinear_Form
https://proofwiki.org/wiki/Definition:Inner_Product
https://proofwiki.org/wiki/Definition:Inner_Product
https://proofwiki.org/wiki/Definition:Inner_Product
https://proofwiki.org/wiki/Product_of_Complex_Number_with_Conjugate
https://proofwiki.org/wiki/Definition:Real_Number
https://proofwiki.org/wiki/Definition:Sequence
https://proofwiki.org/wiki/Definition:Increasing_Sequence

10/21/23, 10:07 PM Bessel's Inequality - ProofWiki

n
the sequence Z [(h, e,)]? is bounded and increasing.
k=1 neN

So from Monotone Convergence Theorem (Real Analysis): Increasing Sequence, we have that:

n
the sequence Z [(h, e)] converges.
k=1 neN

Since:

n
Z [(h, ex)|* < ||h||* for each n
k=1

we then have from Limits Preserve Inequalities:

IAI? = lim he) = hy e
Hwkzz‘,lﬁ ol k;K ol
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This entry was named for Friedrich Wilhelm Bessel.
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