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Chapter 7

Concentration of Measure

Often we want to show that some random quantity is close to its mean with high
probability. Results of this kind are known as concentration inequalities. In
this chapter we consider some important concentration results such as Hoeffd-
ing’s inequality, Bernstein’s inequality and McDiarmid’s inequality. Then we
consider uniform bounds that guarantee that a set of random quantities are
simultaneously close to their means with high probabilty.

7.1 Introduction

Often we need to show that a random quantity is close to its mean. For example, later we
will prove Hoeffding’s inequality which implies that, if Z1,..., Z, are Bernoulli random
variables with mean p then

P(|Z — u| > €) < ¢ 2ne”
where Z = 15" | Z,.

More generally, we want a result of the form

P(]f(Zl,...,Zn)—un(fﬂ >e> < Op .1

where u,(f) = E(f(Z1,...,Zy,)) and §,, — 0 as n — oo. Such results are known

as concentration inequalities and the phenomenon that many random quantities are close

to their mean with high probability is called concentration of measure. These results are
97



98 Chapter 7. Concentration of Measure

fundamental for establishing performance guarantees of many algorithms. For statistical
learning theory, we will need uniform bounds of the form

IP’<sup f(Zl,...,Zn)—un(f)‘ >e) < bp (712)
feF

over a class of functions F.

7.3 Example. To motivate the need for such results, consider empirical risk minimization
in classification. Suppose we have data (X1,Y7), ..., (X,,,Y,) where ¥; € {0,1} and
X; € R% Let h : R — {0, 1} be a classifier. The training error is

Ra(h) = - S°I(Y: # h(X1)
=1

and the true classification error is
R(h) =P(Y # h(X)).

We would like to know if ﬁ(h) is close to R(h) with high probability. This is precisely of
the form (7.1) with Z; = (X;,Y;) and f(Z1, ..., Z,) = 1 320 1(Y; # h(X)).

T n
Now let 7 be a set of classifiers. Let & minimize the training error ]/%(h) over H and
let h, minimize the true error R(h) over H. Can we guarantee that the risk R(h) of the
selected classifier is close to the risk R(hs) of the best classifier? Let £ denote the event

that supycy |}A3n(h) — R(h)| < e. When the event £ holds, we have that
R(hy) < R(h) < Rn(h) + € < Rp(hy) + € < R(hy) + 2¢

where we used the following facts: i, minimizes R, £ holds, h minimizes En £ holds and
hs« minimizes R. It follows that, when £ holds, |R(h) — R(h.)| < 2e. Concentration of
measure is used to prove that £ holds with high probability. O

Besides classification, concentration inequalities are used for studying many other meth-
ods such as clustering, random projections and density estimation.
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Notation

If P is a probability measure and f is a function then we write

Pf=P(f) = / f(2)dP(2) = E(f(Z)).

Given 7y, ..., Z,, let P, denote the empirical measure that puts mass 1/n at each
data point:

P =LY 1z e
=1

where [(Z; € A) =1if Z; € Aand I(Z; € A) = 0 otherwise. Then we write

Puf = Palf) = [ 1&)Po(2) = 1 3 2.
=1

7.2 Basic Inequalities
7.2.1 Hoeffding’s Inequality

Suppose that Z has a finite mean and that P(Z > 0) = 1. Then, for any € > 0,

E(Z) = /OoozdP(z) > /oozdP(z) > 6/00 dP(z) = eP(Z > ¢) (14)

which yields Markov’s inequality:

E(Z
P(Z>¢) < ( ). (7.5)
€
An immediate consequence of Markov’s inequality is Chebyshev’s inequality
E(Z —p)? o
P(|Z — pu| > €) =P(|Z — p)|* > %) < E(Z—p)” o (7.6)

€2 €2

where 1 = E(@ and 02 = Var(Z2). If Zy,...,Z, are iid with mean y and variance o

then, since Var(Z,,) = o2 /n, Chebyshev’s inequality yields

2

P(|Zy — | >€) < .7

o
ne2’
While this inequality is useful, it does not decay exponentially fast as n increases. To
improve the inequality, we use Chernoff’s method: for any ¢ > 0,

P(Z > €) = P(e? > ) = P(e!? > ) < e E(e!?). (1.8)

‘We then minimize over ¢ and conclude that:
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P(Z < inf e “E(e'%). :
( >€)_%12106 (e") (1.9)

To use the above result we need to bound the moment generating function E(e!%).

7.10 Lemma. Let Z be a mean i random variable such that a < Z < b. Then, for any t,

E(et?) < eth+t*(0-a)*/8 7.11)

Proof. For simplicity, assume that ;4 = 0. Since a < Z < b, we can write Z as a convex
combination of a and b, namely, Z = ab + (1 — «)a where « = (Z — a)/(b — a). By the
convexity of the function y — e'¥ we have

et <ae® + (1 —a)e = Z_aetb—l—b_Zet“.
b—a b—a

Take expectations of both sides and use the fact that E(Z) = 0 to get

a
Eel4 < -~ ¢tb 4 elt = e9(v) (7.12)

- b—a b—a
where u = t(b — a), g(u) = —vyu + log(1 — v + ve*) and v = —a/(b — a). Note that

g(0) = ¢/(0) = 0. Also, g"(u) < 1/4 for all u > 0. By Taylor’s theorem, there is a
¢ € (0,u) such that

g(u) 29(0)+ug'(0)+—g (€)= —g (&) < _

u2 " ’LL72 " UfQ t2(b— a)2
2 2 8 8

Hence, EetZ < e9(w) < (*(0-0)?/8

7.13 Theorem (Hoeffding). If 71, Z, ..., Z, are independent with P(a < Z; <
b) = 1 and common mean y then for any t > 0

P(|Zy — p| > €) < =2 = (7.14)

where Z,, = % Yoy e

1=
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Proof. For simplicity assume that E(Z;) = 0. Now we use the Chernoff method. For any
t > 0, we have, from Markov’s inequality, that

P <;§Zz > e) =P (:ngz > te) =P (e(t/n)Z?:lZi > ete)

< 67t66(t2/n2)Z?:l(bi*ai)z/g (7.16)

where the last inequality follows from Lemma 7.10. Now we minimize the right hand side
over t. In particular, we set ¢ = den?/ > 1 (b; — a;)* and get P (Z,, > €) < e~2ne’/c By
a similar argument, P (Z,, < —¢) < e~27¢/c and the result follows. O

7.17 Corollary. If Z1, Zo, . .., Zy, are independent with P(a; < Z; < b;) = 1 and common
mean (i, then, with probability at least 1 — 6,

—= 2
|Zn — p] < inlog <> (7.18)

where c = L 371 (b; — a;).

7.19 Corollary. If Z1, Zs, . . ., Z,, are independent Bernoulli random variables with P(Z; =
1) = p then, for any € > 0, P(|Z,, — p| > €) < 2e~2n<" . Hence, with probability at least

1 — & we have that |Z,, — p| < \/ 5 log (3).

7.20 Example (Classification). Returning to the classification problem, let h be a classifier
and let f(z) = I(y # h(x) where z = (x,y). Then Hoeffding’s inequality implies that

|R(h) — Rp(h)| < \/ log (%) with probability at least 1 — 9. O

The following result extends Hoeffding’s inequality to more general functions f(z1, ..., 2y).
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7.21 Theorem (McDiarmid). Let Z1,...,Z, be independent random variables.
Suppose that

sup
H gooos e

f(zla ce 3 Ri—15 R4y R4l e - 7Zn) - f(Zlu o 7Zi—17zz{72i+17 .. '7Zn)

foriv=1,... n. Then

2
P(‘f(Zl, o Zn) —E(f(Z, .. .,Zn))‘ > e> <2 exp <3f62> . a»

Proof. LetY = f(Zy,...,2Zy,) and p = E(f(Z1,...,Zy)). Then

p(‘y_u\ze) :p(y_uze)+p<y_ﬂg_€>.

We will bound the first quantity. The second follows similarly. Let V; = E(Y|Z1, ..., Z;)—
E(Y|Zl, . ,Zifl). Then

f(Zl,,Zn)—E(f(Zl,,Zn)):ZV;
=1

and E(V;|Z1, ..., Z;—1) = 0. Using a similar argument as in Lemma 7.10, we have
E(eVi|Zy,...,Z;i_1) < et’ei/s, (7.24)

Now, for any ¢ > 0,

PY —-p=e) =P (in > 6) =P (etz;lzlvi > e“) < e "E (etZ?:lvi>

=1
= “E (et SIS Vg <e’an Z, ..., Zn_1>>

—1
< €_t€et2ci/8E (etZ?:1 V'L) e <K< e_t€€t2 ?:1 07.2'

The result follows by taking ¢ = 4¢/ >, c2. O

i=1""

Remark: If f(z1,...,2,) = }L > i z; then we get back Hoeffding’s inequality.

7.25 Example. Let X1,...,X,, ~ Pandlet P,(A) = 13"  I(X; € A). Define A,, =

T n

f(X1,...,Xp) =supy |P,(A) — P(A)|. Changing one observation changes f by at most
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1/n. Hence,
P(\An —E(A,)] > e) < 2e72n¢

|

7.2.2 Sharper Inequalities

Hoeffding’s inequality does not use any information about the random variables except
the fact that they are bounded. If the variance of X; is small, then we can get a sharper
inequality from Bernstein’s inequality. We begin with a preliminary result.

7.26 Lemma. Suppose that | X| < cand E(X) = 0. Forany t > 0,

tc
X 9 9 f€°—1—tc
E(e"*) <exp {t o (W)} (7.27)
where o> = Var(X).
Proof. Let ' = >, %. Then,
o0
X"
E(e™) =E (1 +tr+ Z ' ) — 1 4+ t26%F < et"°F, (7.28)
r!
r=2

Forr > 2,E(X") = E(X"2X?) < ¢" 252 and so

o0 oo
tr=2cr—2g2 1 (te)” e —1—tc
F < = = . 7.29
- ; rlo? (te)? ZZ; 7! (tc)? 2

Hence, E(e'¥) < exp {gﬁ%}' 0

7.30 Theorem (Bernstein). If P(|X;| < ¢) = 1 and E(X;) = u then, for any € > 0,

2

__ ne
P(lX,, — <2 e 31
(K=l > ) < exp{ 202”66/3} a3

where o® = 231 | Var(X;).

Proof. For simplicity, assume that x = 0. From Lemma 7.26,

tc
X, 9 g€ —1—tc
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where 02 = E(X?). Now,

[ 7

n
P(X, >¢) =P (Z X, > ne) = P(etZ?:lXi > etm) (133)

=1
n
< R (et Tin1 Xi) = mtne HE(etXi) (7.34)
=1
tc
e —1—tc
< e teoypndp?et— - L 7.35

Take t = (1/c)log(1 + ec/0?) to get
— no?  /ce
P(X, >¢€) <exp {_02h (2)} (7.36)

g

where h(u) = (1 + u)log(1 + u) — u. The results follows by noting that h(u) > u?/(2 +
> 0.

U
2u/3) for u O
A useful corollary is the following.

7.37 Lemma. Let X1,..., X, be iid and suppose that | X;| < ¢ and E(X;) = p. With
probability at least 1 — 6,

— 202 log(1/§ 2clog(1/§
| X — | < ? s(/)—i- ?i(b/) (7.38)

In particular, if o < \/2c21og(1/8)/(9n), then with probability at least 1 — 6,

- C
| Xn —p| < — (7.39)
n
where C = 4clog (3) /3.
We also get a very specific inequality in the special case that X is Gaussian.
7.40 Theorem. Suppose that X1, ..., X, ~ N(u,0c?).

- ’I’l€2
P(| X, — | >€) <exp 552 ) (741)

Proof. Let X ~ N(0,1) with density ¢(z) = (27)"*/2e¢=7*/2 and distribution function
®(x) = [T ¢(s)ds. For any e > 0,

POC> 0 = [ otsds < L [T solopas = —1 [ osyas = 2 <
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By symmetry we have that

P(|X]| > €) < Zem/2,

ol N

Now suppose that X1, ..., X, ~ N(u,02). Then X,, = n=2 3" | X; ~ N(u,0%/n).
Let Z ~ N(0,1). Then,

P(X, — pl > €) = P(ValXn - ul/o > Vae/o) =P(1Z] > Vae/o)  as

< 20 eanQ/(2o'2) < e*TLEQ/(QO‘Q)

ST <

(7.44)

for all large n. 0O

7.2.3 Bounds on Expected Values

Suppose we have an exponential bound on P(X,, > ¢). In that case we can bound E(X,,)
as follows.

7.45 Theorem. Suppose that X,, > 0 and that for every € > 0,

P(X, >¢€) < 616_02”62 (7.46)
for some ca > 0 and ¢y > 1/e. Then, E(X,,) < \/gwhere C = (1+1log(c1))/ca.

Proof. Recall that for any nonnegative random variable Y, E(Y) = [“P(Y > t)dt.
Hence, for any a > 0,

E(X2) = / P(X2 > t)dt :/ P(X2 > t)dt+/ P(X2 > t)dt < a+/ P(X2 > t)dt.
0 0 a a

Equation (7.46) implies that P(X,, > \/f) < c1e~ %™ Hence,

00 00 0o Clefczna
E(X;) <a —|—/ P(X2>t)dt=a +/ P(X, > Vt)dt < a+ 01/ e 2" dt = a + o
a a a 2

Set a = log(c1)/(nc2) and conclude that

E(Xﬁ) < log(cy) N 1 _ 1 +log(cl).

ncy ncy ncy

Finally, we have E(X,,) < /E(X2) < Itlogle)

nces :
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Now we consider bounding the maximum of a set of random variables.

7.47 Theorem. Let X1, ..., X, be random variables. Suppose there exists ¢ > 0 such that
E(etX) < et7°/2 for all t > 0. Then

E (max XZ-> < ov/2logn. (7.48)

1<i<n

Proof. By Jensen’s inequality,

exp {tE <max XZ>} <E <exp {t max Xz}>
1<i<n 1<i<n

_ A < 1) < t202 /2
. <mx exp {txz}) < 3B (1)) < e

Thus, E (max<j<, X;) < IO%” + % The result follows by setting ¢t = y/2logn/co. O
7.3 Uniform Bounds
7.3.1 Binary Functions

A binary function on a space Z is a function f : Z — {0,1}. Let F be a class of binary
functions on Z. For any z1, ..., 2, define

Fotrin = {(f(21)7 o fl): fe .7:}. (7.49)

F:r....zn is a finite collection of binary vectors and |F,, .| < 2". The set F,, .. is
called the projection of F onto z1, . . ., zn.

7.50 Example. Let F = {f; : t € R} where f;(z) = 1if z > tand f;(z) = 0of z < t.
Consider three real numbers 21 < z9 < z3. Then

Forzaza = {(0,0,0), (0,0,1), (0,1,1), (1,1,1)}.

Define the growth function or shattering number by

s(F,n) = sup ‘fz1zn‘ (7.51)

Z14e-e52n
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A binary function f can be thought of as an indicator function for a set, namely, A =
{z : f(x) = 1}. Conversely, any set can be thought of as a binary function, namely, its
indicator function 4 (z). We can therefore re-express the growth function in terms of sets.
If A is a class of subsets of R? then s(.A, n) is defined to be s(F,n) where F = |[{I4 :
A € A}| is the set of indicator functions and then s(.4,n) is again called the shattering
number. It follows that

s(A,n) = max s(A, F)
where the maximum is over all finite sets of size n and s(A, F) = [{ANF : A€ A
denotes the number of subsets of F' picked out by .A. We say that a finite set F’ of size n is

shattered by A if s(A, F') = 2".

7.52 Theorem. Let A and B be classes of subsets of R

1. s(A,n+m) < s(A,n)s(A,m).

2. IfC = Al|JBthen s(C,n) < s(A,n) + s(B,n)

3. IfC={AUB: A€ A, B e B} thens(C,n) < s(A,n)s(B,n).
4. IfC={ANB: A€ A B e B} thens(C,n) < s(A,n)s(B,n).

Proof. See exercise 10. 0O

VC Dimension. Recall that a finite set I’ of size n is shattered by A if s(A, F') = 2". The
VC dimension (named after Vapnik and Chervonenkis) of A is the size of the largest set
that can be shattered by A.

The VC dimension of a class of set A is
VC(A) = Sup{n : s(A,n) = 2”}. (7.53)
The VC dimension of a class of binary functions F is

VC(F) = sup{n :s(Fon) = 2”}. (7.54)

If the VC dimension is finite, then the growth function cannot grow too quickly. In
fact, there is a phase transition: s(F,n) = 2" for n < d and then the growth switches to
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polynomial.

7.55 Theorem (Sauer’s Theorem). Suppose that F has finite VC dimension d. Then,

d
s(F,n) < Z <?Z> (1.56)
=0

and for alln > d,

s(F,n) < (g>d. (1.57)

Proof. When n = d = 1, (7.56) clearly holds. We proceed by induction. Suppose that
(7.56) holds for n — 1 and d — 1 and also that it holds for n — 1 and d. We will show
that it holds for n and d. Let h(n,d) = Z?:o (). We need to show that VC(F) < d
implies that s(F,n) < h(n,d). Let F; = {z1,...,2,} and F5 = {z2,...,2,}. Let
Fio= {(f(1) f(zn) : f € Fyand Fo = {(f(za)s-. f(20) : f € F}. For
f,ge F,owrite f ~ gif g(z1) =1 — f(z1) and g(z;) = f(z;) for j =2,...,n. Let

G = {f € F : there exists g € F such that g ~ f}.

Define 3 = {(f(22),...,f(zn)) : f € G}. Then |Fi| = |F2| + |F3|. Note that
VC(F2) < dand VC(F3) < d — 1. The latter follows since, if F3 shatters a set, then we
can add z; to create a set that is shattered by F;. By assumption |F3| < h(n — 1,d) and
|F3| < h(n—1,d—1). Hence,
|Fi| < h(n—1,d)+h(n—1,d—1) = h(n,d).
Thus, s(F,n) < h(n,d) which proves (7.56).
To prove (7.57), we use the fact that n > d and so:

() =S (0) <@ () ()

The VC dimensions of some common examples are summarized in Table 7.1.

Now we can extend the concentration inequalities to hold uniformly over sets of binary
functions. We start with finite collections.

7.58 Theorem. Suppose that F = {f1,..., fn} is a finite set of binary functions. Then,
with probability at least 1 — 0,

sup [Pa(f) — P(F)] < 1 2 og (w) a5
JeF n o
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Class A VC dimension V4
A={A4,..., AN} logy N
Intervals [a, b] on the real line 2
Discs in R? 3
Closed balls in R? d+2
Rectangles in R? 2d
Half-spaces in R? d+1
Convex polygons in R? o0

Table 7.1. The VC dimension of some classes A.

Proof. 1t follows from Hoeffding’s inequality that, foreach f € F,P (|P,(f) — P(f)| > ¢€) <
2e—m€ /2, Hence,

P <r}1€a}<]Pn(f) — P(f)] > e> =P (|P.(f) — P(f)| > € for some f € F)

N
< STB(Pu(f) — P(fj)| > €) < 2Ne /2.
=1
The conclusion follows. 0O

Now we consider results for the case where F is infinite. We begin with an important
result due to Vapnik and Chervonenkis.

7.60 Theorem (Vapnik and Chervonenkis). Let F be a class of binary functions.

Foranyt > \/2/n,

P <Sup (P, — P)f| > t) < 4s(F, 2n)e_”t2/8 (7.61)
feF

and hence, with probability at least 1 — 9,

8 45(F,2n
sup |P,(f) — P(f)| < 4/—log <()> (7.62)
feF n 0
Before proving the theorem, we need the symmetrization lemma. Let Z1, . . ., Z!, denote

a second independent sample from P. Let P, denote the empirical distribution of this



110 Chapter 7. Concentration of Measure

second sample. The variables Z1, ..., Z,, are called a ghost sample.

7.63 Lemma (Symmetrization). For allt > \/2/n,

P (Sup (P, — P)f| > t> < 2P (sup (P, — P f| > t/2> . (7.64)
fer

feFr

Proof. Let f,, € F maximize |(P, — P)f|. Note that f,, is a random function as it depends
onZy,...,Z,. We claim that if |(P, — P)f,| > t and |(P — P)fn| < t/2 then |(P), —
P,) fn| > t/2. This follows since

t <|(Po—=P)fal =|(Pn = P+ Py = P)fol < |(Pn = Py) ful + [(P, = P) ol
t
<P =P Sl + 5
and hence |(P), — P,) fn| > t/2. So

I(|(Pn = P) ful > ) I([(P — Py) ful <t/2) = I(|(Pn = P)fnl > t,[(P = Py) ful < t/2)
< I(|(Py, = Po) ful > 1/2).

Now take the expected value over Z1, ..., Z/ and conclude that
[(|(Py = P)ful > DF(I(P = Bi) ful </2) SP((PY— Pu)ful > t/2). a6
By Chebyshev’s inequality,

/
Warlh) L, 11
ntz  ~ ntz — 2
(Here we used the fact that W € [0, 1] implies that Var(WW) < 1/4.) Inserting this into
(7.65) we have that

P([(P—P))fal <t/2)>1—

I(|(Pn = P)fn] > t) < 2P'(|(Py, = Pu)fnl > t/2).

Thus,
1(sup|(Py = P)f| > 1) <2 (sup |(P, = P)f| > 1/2).
feF fer
Now take the expectation over 21, ..., Z, to conclude that
P(sup (P, — P)f| > t) < 2P(sup (P, = Po)f| > 1/2).
ferF fer
O

The importance of symmetrization is that we have replaced (P,, — P) f, which can take
any real value, with (P,, — P)) f, which can take only finitely many values. Now we prove
the Vapnik-Chervonenkis theorem.
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Proof. LetV = Fy1 71 7, .z, Foranyv € V write (P, —P,)v to mean (1/n) (>0, vi—
ngn 41 Vi). Using the symmetrization lemma and Hoeffding’s inequality,

P(sup |(P, — P)f| > t) <2P(sup [(P, — Pu)f| > t/2)
feF feF

= QIP(maX (P, — Py,)v| > t/2)

<2 ) P Jo| > t/2)
veV

<2 Z 2e/8 < 4s(F, 2n)6_”t2/8.
veV

O

Recall that, for a class with finite VC dimension d, s(F,n) < (en/d)?. hence we have:

7.66 Corollary. If F has finite VC dimension d, then, with probability at least 1 — 6,

]S}elglpn(f) - P(f)l < \/i (log <§> +dlog (?)) (7.67)

7.3.2 Radamacher Complexity

A more general way to develop uniform bounds is to use a quantity called Rademacher
complexity. In this section we assume that F is a class of functions f such that 0 < f(z) <
1.

Random variables o1, ..., 0, are called Rademacher random variables if they are
independent, identically distributed and P(o; = 1) = P(0; = —1) = 1/2. Define
the Rademacher complexity of F by

Z; ) . (7.68)

) (7.69)

1

Define the empirical Rademacher complexity of F by

Zazf

where Z" = (Zy, ..., Z,) and the expectation is over o only.

Rad,,(F) = (sup
fer |1

Rad,,(F,Z") = E, | sup
fer|n
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Intuitively, Rad,,(F) is large if we can find functions f € F that “look like” random
noise, that is, they are highly correlated with o1, ..., 0,. Here are some properties of the
Rademacher complexity.

7.70 Lemma.
1. If F C G then Rad,,(F, Z™) < Rad, (G, Z™).
2. Let conv(F) denote the convex hull of . Then Rad,,(F, Z") = Rad,(conv(F), Z").
3. Forany c € R, Rad,(c¢F, Z™) = |c|Rad,,(F, Z™).

4. Let g : R — R be such that g(0) = 0 and,
Then Rad,, (g o F,Z"™) < 2LRad,(F, Z").

9(y) — g(z)| < Llz — y| for all x,y.

Proof. See Exercise 8. U

7.71 Theorem. With probability at least 1 — 6,

1 2
sup |P,(f) — P(f)| < 2Rad,,(F) + o log <5> (1.72)
JeF Lo
and
. 4. (2
sup |Po(f) — P(f)| < 2Rad,(F,Z") + {/ — log <5> (1.73)
feF n

Proof. The proof has two steps. First we show that sup sc 7 [P (f) — P(f)| is close to its
mean. Then we bound the mean.

Step 1: Let g(Z1, . .., Zn) = supser | Pu(f) — P(f)|. If we change Z; to some other value
Z!then |g(Z1,...,Zy) — 9(Z1, ..., Z,..., Zy)| < L. By McDiarmid’s inequality,

P(1g(Z1,. .., Zn) —EBlg(Z1, ..., Zn)]| > €) < 2e7 27,

Hence, with probability at least 1 — 6,

1
9(Z1, - Zn) <E[g(Z1,..., Zn)] + %log <> (7.74)
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Step 2: Now we bound E[g(Z1, . .., Z,)]. Once again we introduce a ghost sample Z1, ..., Z/,
and Rademacher variables o1, . . ., o, Note that P(f) = E'P/(f). Also note that

IS~ fZ) A LS eilf(2) - £(2)
=1 i=1

d C e
where = means “equal in distribution.” Hence,

Elg(Z1,...,Zn)] =E |sup |P(f) — Pu(f)|| =E |sup \E’(Pé(f)—Pn(f))\]

feF feF
! / / 1 = !

<EE ngelg\Pn(f)—Pn(f)l = EE iggn;(f(Zi)—f(Zi))‘
! 1 - o /

=EE ;‘;2 n; i(f(Z;) f(Zz))‘
! l 3 g; 4 u 3 g.

<E|sup nz; (20| | +E |sup o Z i1z

= 2Rad,,(F).

Combining this bound with (7.74) proves the first result.

To prove the second result, let a(Z1, . . ., Z,) = Rad,(F, Z") and note thata(Z1, ..., Z,)
changes by at most 1/n if we change one observation. McDiarmid’s inequality implies that

|Rad,,(F, Z") — Rad,,(F)| < 1/ 5 log (%) with probability at least 1 — §. Combining this
with the first result yields the second result. 0O

In the special case where F is a class of binary functions, we can relate Rad,,(F) to
shattering numbers.

7.75 Theorem. Let F be a set of binary functions. Then, for all n,
2log s(F,n)

Rad,(F) < — (1.76)

Proof. Let D = {Zy,...,Z,}. Define S(f,0) = [n"' Y1, 0:f(Z;)| and S(v,0) =

[ > im1 0ivil. Now, —1 < 05 f(Z;) < 1. Note that

Rad,(F) =E (Sup S(fm)) =E <E (sup S(f,0) D)) —E (E ( max_ S(v,0)
vEFZy,....Zn

Now, o;v;/n has mean 0 and —1/n < o;v; < 1/n so, by Lemma 7.10, E(e'iVi) <

fer fer
et?/(2n?) for any t > 0. From Theorem 7.47,

D) S\/2log\Vn] :\/QIOgs(}",n)
n n

IE( max S(v,0)

VEFZy,....Zn
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and the result follows. [

In fact, there is a sharper relationship between Rad,,(F) and VC dimension.

7.77 Theorem. Suppose that F has finite VC dimension d. There exists a universal constant

C > 0 such that Rad,,(F) < C/d/n.
For a proof, see, for example, Devroye and Lugosi (2001).
Combining these results with Theorem 7.75 and Theorem 7.77 we get the following

result.

7.78 Corollary. With probability at least 1 — 6,

8log s(F,n) 1 2
sup (1) = (7)) < SB[ (3). am

If F has finite VC dimension d then, with probability at least 1 — 6,
| P, (f) P(f)|<20\/3+ i1 2 7.80
?22 " - n o B\5 ) 7:80)

7.3.3 Bounds For Classes of Real Valued Functions

Suppose now that F is a class of real-valued functions. There are various methods to
obtain uniform bounds. We consider two such methods: covering numbers and bracketing
numbers.

If @ is a measure and p > 1, define

@ = ([ If(w)\de(w)>1/p-

When () is Lebesgue measure we simply write || f||,. We also define
[flloo = sup |f ()]
xr

AsetC = {f1,...,fn} is an e-cover of F (or an e-net) if, for every f € F there exists a
fj € C such that ||f — fjHLp(Q) < €.
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7.81 Definition. The size of the smallest e-cover is called the covering number and
is denoted by Np(e, F, Q). The uniform covering number is defined by

Np(€, F) = sup Np(¢, 7, Q)
Q

where the supremum is over all probability measures ().

Now we show how covering numbers can be used to obtain bounds.

7.82 Theorem. Suppose that || f||cc < B forall f € F. Then,

]P’(sup |P.(f) — P(f)| > e) < 2N(¢/3,F, Loo)e—ne2/(1832)'
fer

Proof. Let N = N(¢/3,F, L) andlet C = {f1,..., fn} beane/3 cover. Forany f € F
there is an f; € C such that || f — fj||cc < €/3. So

[Pa(f) = P < [Pulf) = Pa(fi)] + [Pu(f5) = P(F)] + [P(f5) = P(f)]
< IPaf) — PO+ 5

Hence,

2e
P(j%gg’pn(f) — P(f)] > e) <P <?Jl§%( \Pn(f5) — P(f5)] + £} > e)

N

_p <1}§12)C< P(fy) = P(f;)| > ;) <> P(IPuf) - P > 5)

j=1
< ON(e/3,F, Log)e "/ (185%)

from the union bound and Hoeffding’s inequality. [

The VC dimension can be used to bound covering numbers.

7.83 Theorem. Let F be a class of functions f : RY — [0, B] with VC dimension d such
that2 < d < oco. Let p > 1 and 0 < ¢ < B/4. Then

2 BP 3eBP\ \¢
Np(e,f)§3( & log< o >> .

(For a proof, see Devroye, Gyorfi and Lugosi (1996).) However, there are cases where
the covering numbers are finite and yet the VC dimension is infinite.
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Bracketing Numbers. Another measure of complexity is the bracketing number. Given a
pair of functions £ and u with £ < u, we define the bracket

[0, u] = {h : l(x) < h(z) < u(x) for all a:}

A collection of pairs of functions (¢1,u1),. .., (¢n,un) is a bracketing of F if,
B
FC U [fj, uj].
j=1

The collection is an e-L,(P)-bracketing if it is a bracketing and if

( [ e - fj(w)lqu(x)> =r

for j = 1,..., N. The bracketing number N (e, F, Ly(P)) is the size of the smallest ¢
bracketing. Bracketing number are a little larger than covering numbers but provide stronger
control of the class F.

7.84 Theorem.
1. Ny(e, F,P) < N[](Qe,]-", L,(P)).

2. Let Xi,..., Xy ~ P. If Suppose that Ny (e, F, L1(P)) < oo for all € > 0. Then,
for every § > 0,

P <sup |Po(f) — P(f)] > 6) —0 (7.85)
feF

as n — oQ.

Proof. See exercise 11. [

7.86 Theorem. Let A = sup; [ |f|dP and B = supy || f||c. Then

§ 3ne?
P (;telglpn(f) - PNl > 6) < 2Ny)(€/8, F, Ly (P)) exp <_43[6A+e]>

3ne
—|—2N[](6/8,]:, Li(P))exp <_40B> )

Hence, if e < 2A/3,

P sup |Pu(f) — P(f)] > € | < ANiy(e/8,F, L1(P)) ex (—96”62) (7.87)
fegn S 4V Fola P\ ~~eap ) _
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Proof. (This proof follows Yukich (1985).) For notational simplicity in the proof, let us
write, N (¢) = Nyj(e, F, L1(P)). Define z,,(f) = [ f(dP,—dP). Let [(1,u1], ..., [{n, un]
be a minimal €/8 bracketing. We may assume that for each j, ||u;|| < B and ||¢;]] < B.
(Otherwise, we simply truncate the brackets.) For each j, choose some f; € [{;, u;].

Consider any f € F and let [¢;, u;] denote a bracket containing f. Then

’Zn(f)‘ < ’Zn(f])’ + |Zn(f - f])’

Furthermore,
alf = 5l =1 [ = g apa=aP) < [1f = Fl(@P, +dP) < [ s~ ] @P, + ap)
—/yuj—ej\(dpn—dp)+2/|uj—ejydp

€ €
_ / juy = 451 (@Pa —dP) +2 () = zaluy — 1) + 5.

Hence,
€

2a(A)] < lan(F)] + [[znllu; — ) + 7]

Thus,

P(sup |z (f)| > €) < P"(max |z,(f;)] > €/2) + P"(max |zn(Ju; — £;])] + €/4 > €/2)
fer J J

< P (max |z ()] > €/2) + P (masx |z (1 = ()] > /)
Now
Var(f;) < / f2dp = / . / £,ldP < AB.

Hence, by Bernstein’s inequality,

N n(e/2)? ne
P”(mjax za(f)] > €/2) <23 exp (‘i,w(+/23)6/6> < 2N(¢/8) exp (‘éw) :
j=1

Similarly,

Var(ju; — 4;]) < / (uj — £;)%dP < / uj — £ |ug — 4;]dP

€ Be
< Huj _ngoo/”LLj —Ej‘dP < 2B§ = I

Also,

u;j — ¢j|loo < 2B. Hence, by Bernstein’s inequality,

. - L n(e/4)?
P (mjaxznﬂuj —4l) > 6/4> < Qgexp <_22Bf1 + 23(6/4)/3>

< 2N(¢/8) exp (— j’g;) .
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The following result is from Example 19.7 from van der Vaart (1998).

7.88 Lemma. Let F = {fy: 0 € O} where © is a bounded subset of R%. Suppose there
exists a function m such that, for every 61, 0o,

|for () = foo ()| < m(z) [[61 — B2]].

Then,
d
4v/d diam(0) [ |m(z)|9dP ()
Nij(e, F. Ly(P) < ( .
Proof. Let
€
4\ff |m(z)|2dP(z)

We can cover © with (at most) N = (diam(©)/§)? cubes C1,...,Cy of size §. Let

c1,-..,cn denote the centers of the cubes Note that C; C B(zj,V/ds) where B(x,r)
denotes a ball of radius r centered at . Hence, ; B (¢j, Vdb) covers ©. Let 6; be the
projection of ¢; onto ©. Then [J; B(6;, 26+/d) covers ©. In summary, for every § € ©
thereisa 6; € {61,...,0n} such that

1003l < 2V = P )

Define ¢; = fp. — em(x)/2 and u; = fp, + em(z)/2. We claim that the brackets
[01,u1],...,[{n,un] cover F. To see this, choose any f; € F. Let §; be the closest
element {6,...,60x} to 6. Then

fo(x) = fo,(x) + fo(x) — fo;(x) < fo; () + [fo(x) — fo; ()]
m(x)e

By a similar argument, fy(z) > ¢;(z). Also, [(u; — ¢;)7dP < €. Finally, note that the
number of brackets is

N = (diam(©)/6)¢ =

(4\/&diam ) [ |m(x)|%dP(x ))d
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7.89 Example (Density Estimation). Let X;,...,X,, ~ P where P has support on a
compact set X C RY. Consider the kernel density estimator py,(z) = # YK (e —
Xi||/h) where K is a smooth symmetric function and h > 0 is a bandwidth. We study py,
in detail in the chapter on nonparametric density estimation. Here we bound the sup norm
distance between py, () and is mean py(x) = E(pp(x)).

7.90 Theorem. Suppose that K (x) < K(0) for all x and that
[K(y) — K(z)] < L|jz -yl

forall x,y. Then

p" (St;p [p(x)—pn(x)| > e) <2 (32L\/fzijilaem<x)>d [exp < 3n€2hd> + exp (—Wﬂ :

4K (0)(6 + €) 40K (0)

Hence, if € < 2/3 then

28K (0)

32L+/d diam(X) ! 3ne2hd
pPn (Sup Ip(z) — pr(x)| > e) <4 e exp < ) .

Proof. Let F = {f, : © € X} where f,(u) = h=%K(||x —u||/h). We apply Theorem 7.86
with A = 1 and B = K (0)/h?. We need to bound Npy(e, F, L1(P). Now

1 |z — ull ly — ull
| fo(u) — fy(u)] = 7 K (h - K T
L
< px sy lz —ul| = lly —
L
< WHZ' — .

Apply Lemma 7.88 with m(x) = L/h%*!. Thus implies that

4L/ d diamX I
1am

Hence, Theorem 7.86 yields,

P (sgp [p(x)—pn(x)| > e) <2 (32L@iila€m(x)>d [exp ( ?mghd)) + exp (—Mlﬂ -

T 4K(0)(6 + € 40K (0)

O
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7.91 Corollary. Suppose that h = h,, = (Cy,/n)¢ where ¢ > 1/d and C,, = (logn)® for
some a > 0. Then

d
320Vd diam(X)) < n )g(dﬂ) exp ( SGQngnl_%)
xp| —————~+— |-

¢ Cp 28K (0)

P" (sgp [P(x)—pn(z)| > 6) =4 ( Cy

Hence, for sufficiently large n,

P"(sup [p(x) — pa(x)| > €) < crexp <_C262C§dn1—dg> ‘
x

Note that the proofs of the last two results did not depend on P. Hence, if P is the set
of distribution with support on X', we have that

sup P" (sup Ip(x) — pr(x)| > 6) < cjexp (—CQGQngnk%) .
PeP @

|

7.92 Example. Here are some further examples. In exercise 12 you are asked to prove
these results.

1. Let F be the set of cdf’s on R. Then Nyj(e, F, La(P)) < 2/€.
2. (Sobolev Spaces.) Let F be the functions f on [0, 1] such that || f||o < 1, the (k—1)
derivative is absolutely continuous and [(f*)(z))2dz < 1. Then, there is a constant

C > 0 such that
1
1\ %
€

3. Let F be the set of monotone functions f on R such that || f||oc < 1. Then, there is a
constant C' > 0 such that

Njj(€, F, Loo(P)) < exp

€

Nij(e, F. Lo (P)) < exp {c (1)] _

7.4 Additional results
7.4.1 Talagrand’s Inequality

One of the most important developments in concentration of measure is Talagrand’s in-
equality (Talagrand 1994, 1996) which can be thought of as a uniform version of Bernstein’s
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inequality. Let F be a class of functions and define Z,, = sup ez |Pu(f)|-

7.93 Theorem. Let v > Esupcr LS (X)) and U > supser || flloo- There exists a

universal constant K such that
nt tU
t] <K ——1 1+ — . 94
>)_ exp{ KUOg<+v>} (7.94)

'

To make use of Talagrand’s inequality, we need to estimate E(sup ¢ 7 [P (f)])-

sup | P, (f)] — E(sup | P, (f)])
fer fer

7.95 Theorem (Giné and Guillou, 2001). Suppose that there exist A and d such that
sup N (e, Lo(P), ea) < (A/e)?
P

where a = || F||,(py and F(z) = sup e 7 | f()|. Then

E(sup |P,(f)]) < C (dU log (?) + Vg log (iU))

fer

for some C > 0.
Combining these results gives Giné and Guillou’s version of Talagrand’s inequality:

7.96 Theorem. Let v > Esup;cr £ 37" | f2(X;) and U > supscr || f oo There exists a
universal constant K such that

o tU
P (;lelgll’n(f) - P(f)| > t) < Kexp {_K'Ulog (1 T Ko + UWV) }

(7.97)
A A
t> ¢ <U10g <U> +v/noy [log <U>> .
n o o

7.98 Example. Density Estimation. Gine and Guillou (2002) apply Talagrand’s inequality
to get bounds on density estimators. Let X1, ..., X,, ~ P where X; € R? and suppose that
P has density p. The kernel density estimator of p with bandwidth A is

pn(z) = Tllzzn;K <”f’3_hX1”) .

Applying the results above to pp,(z) we see that (under very weak conditions on K) for all
small € and large n,

whenever

P(sup |pn(z) — pu(z)] > €) < coe—c2nhe? (7.99)
rER
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where pp(z) = E(pr(x)) and 1, co are positive constants. This agrees with the earlier
result Theorem 7.90. O

7.4.2 A Bound on Expected Values

Now we consider bounding the expected value of the maximum of an infinite set of random
variables. Let { X : f € F} be a collection of mean 0 random variables indexed by f € F
and let d be a metric on F. Let N (F,r) be the covering number of F, that is, the smallest
number of balls of radius r required to cover F. Say that { Xy : f € F} is sub-Gaussian
if, for every ¢ > 0 and every f,g € F,

E(e!(Xr—Xo)) < *@(£.9)/2,

We say that { X7 : f € F} is sample continuous if, for every sequence f1, fa,..., € F such
that d(f;, f) — 0 for some f € F, we have that Xy, — X a.s. The following theorem is
from Cesa-Bianchi and Lugosi (2006) and is a variation of a theorem due to Dudley (1978).

7.100 Theorem. Suppose that {X; : f € F} is sub-Gaussian and sample continuous.
Then

D/2
E (sup Xf> <12 V1og N(F,e)de (7.101)

feFr
where D = sup; e 7 d(f, g)-
Proof. The proof uses Dudley’s chaining technique. We follow the version in Theorem
8.3 of Cesa-Bianchi and Lugosi (2006). Let F;, be a minimal cover of F of radius D27k,
Thus | Fy| = N(F, D27%). Let fy denote the unique element in F. Each X is a random
variable and hence is a mapping from some sample space .S to the reals. Fix s € S and let
f* be such that suppc 7 X¢(s) = Xy« (s). (If an exact maximizer does not exist, we can

choose an approximate maximizer but we shall assume an exact maximizer.) Let f, € Fi
minimize the distance to f,. Hence,

d(fre-1, fr) < d(fe, fi) + d(fo, foor) < 3D27F.

Now limg_,~ fx = f« and by sample continuity
o
Sl}pr(S) = Xy.(s) = Xyo(s) + Z X, (s) = Xy, (9))-
k=1

Recall that E(X ¢, ) = 0. Therefore,

E (sup Xf> < iE (n}agx(xf ~ X ))

I k=1
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where the max is over all f € Fj and g € F;_; such that d(f, g) < 3D27%. There are at
most N (F, D27%)2 such pairs. By Theorem 7.47,

E (H}ax(Xf - Xg)) < 3D2_k\/2 log N (F, D27Fk)2.
7g

By summing over k we have

E (supr> < 23D2_k\/2 log N(F, D27k)2 = 122D2—<k+1>\/1ogN(f, D2—F)
f k=1 k=1

D/2
312/ VN (F,e€)de.
0

7.102 Example. LetY7, ..., Y, be asample from a continuous cdf F' on [0, 1] with bounded
density. Let X5 = \/n(F,(s) — F(s)) where F,, is the empirical distribution function. The
collection {X; : s € [0,1]} can be shown to be sub-Gaussian an sample continuous
with respect to the Euclidean metric on [0, 1]. The covering number is N ([0, 1],r) = 1/r.
Hence,

1/2
E < sup vVn(F,(s) — F(s)> < 12/0 Viog(1/e)de < C

0<s<1

for some C' > 0. Hence,

E < sup (Fp(s) — F(s)) < \%

0<s<1

7.5 Summary
The most important results in this chapter are Hoeffding’s inequality:
P(| X, —p| >¢€) < 2 2ne/e

Bernstein’s inequality

P(|X,| > €) < 2 ne’
€ ex —
n = 2P\ 7202 1 2ce/3

the Vapnik-Chervonenkis bound,

P <sup (P, — P)f| > t> < 4s(F, 2n)e_”t2/8
fer
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and the Rademacher bound: with probability at least 1 — &,

1 2
Sup | P(f) = PUJ)| < 2Rad(F) 4 5o (5)

These, and similar results, provide the theoretical basis for many statistical machine learn-
ing methods. The literature cantains many refinements and extensions of these results.

7.6 Bibliographic Remarks

Concentration of measure is a vast and still growing area. Some good references are De-
vroye, Gyorfi and Lugosi (1996), van der Vaart and Wellner (1996), Chapter 19 of van der
Vaart (1998), Dubhashi and Panconesi (2009), and Ledoux (2005).

Exercises

7.1 Suppose that X > 0 and E(X) < oc. Show that E(X) = [;° P(X > t)dt.

7.2 Show that h(u) > u?/(2 + 2u/3) for u > 0 where h(u) = (1 + u) log(1 + u) — w.
7.3 In the proof of McDiarmid’s inequality, verify that E(V;| X1,..., X;_1) = 0.

7.4 Prove Lemma 7.37.

7.5 Prove equation (7.24).

7.6 Prove the results in Table 7.1.

7.7 Derive Hoeffding’s inequality from McDiarmid’s inequality.

7.8 Prove lemma 7.70.

7.9 Consider Example 7.102. Show that {X : s € [0, 1]} is sub-Gaussian. Show that
f01/2 log(1/€)de < C for some C > 0.

7.10 Prove Theorem 7.52. .
7.11 Prove Theorem 7.84.
7.12 Prove the results in Example 7.92.



