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Change of Variables and the
Jacobian

Prerequisite: Section 3.1, Introduction to Determinants

In this section, we show how the determinant of a matrix is used to perform a
change of variables in a double or triple integral. This technique generalizes to a
change of variables in higher dimensions as well. Although the prerequisite for this
section is listed as Section 3.1, we will also need the fact that |A| = |AT| from
Section 3.3.

» Substitution in One Variable

The following example serves to recall the method of integration by substitution
from calculus:

ExAMPLE 1

To compute f15 v3x + 1dzx, we first make the substitution w = 3z + 1. Then du =
3dx, and so

5
/ V3zr + 1dz
1

1 /5 1 /16
§/ \/3x+1(3dx):§ Vau du

1 4
16

2 3 3 2 112
= —(162 — 42 64 —8
=2t 4 =29 -

124
3 3"

Note the factor of 3 in du = 3dx. This indicates that the variable u covers 3 units
of distance for each single unit of z. (It is as if u is measured in feet, while z is
measured in yards.) Note that the length of the z-interval is only 4 units (from 1
to 5), while the length of the u-interval is 12 units (from 4 to 16). The factor of 3
in the du term compensates for this change. |

In Example 1, the substitution variable u is a linear function of x, and so the
change in units is constant throughout the given interval. In the next example,
however, the substitution is non-linear.

EXAMPLE 2

Consider fl s dx. Let v = 22 + 1. Then du = 2z dz. The integral is then
calculated ab

S p 5 du 1° 1 1 3

/1 @+12 " ), @ Tul,” 5 ( 2)_10'
The factor 2z in du = 2x dx indicates that the unit conversion from x to w is not
constant. As the z-interval [1, 2] is stretched into the u-interval [2, 5], the stretching
is done unevenly. For example, at © = 1, the scaling factor 2z = 2(1) = 2, and so
at this point, the length of a u unit is 2 times smaller than the length of an x unit.
However, at = 1.5, the scaling factor 2z = 2(1.5) = 3, and so at this point, a u
unit is 3 times smaller than an z unit.

In particular, the z-interval [1.5, 1.51] (of length 0.01) is mapped to the u-interval
[3.25,3.2801] (having length 0.0301). That is, the u-interval is approximately 3
times as long, because the scaling factor is 3 at « = 1.5. The error in using 3 as
the scaling factor in this case is 0.0001, or 0.33%. As the length of the z-interval
approaches 0, as it would in computing Riemann sums for integrals, the percent
error in the scaling factor also approaches 0. |

2+1

In general, since d is the rate of change of u with respect to x, its presence in the
formula du = g—: dx keeps track of the amount of stretching involved in converting
from z-coordinates to u-coordinates. Thus, @ is the desired scaling factor for a

change of variable in single-variable mtegratlon
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» Double Integrals

We now consider the analogous situation using two variables.

EXAMPLE 3

The area of the parallelogram P indicated in Figure 1 is given by the following
double integral:
Area = //1 dx dy.
P

Converting this double integral into an iterated integral would be tedious. However,

we can compute the area of P using Theorem 3.1. The vectors wy = [2,1] and
wo = [—1, 1] correspond to the sides of P, and so
21
area of P = absolute value of 117 2 - (-1)] =3.

Let us now examine the effect of a change of variables on the area. Since the
sides of P are the vectors w; and wy, we first create new variables v and v to
satisfy the equation

[m,y] = UuwW] + vW3 + [1a 1] = u[Qa 1] + ”U[—]_, 1] + [17 1];

that is, x = 2u—v+ 1, y = w4+ v+ 1. Then, (z,y) vertices correspond to (u,v)
vertices as follows:

Thus, in converting to the (u, v) coordinate system, the parallelogram P is mapped
to the unit square S shown in Figure 2. Therefore, it follows that

//ldudv:areaoszl.
S

Since the parallelogram P does not have area 1, we must be missing a scaling factor
of the type seen in the single variable case. Note that the scaling factor must be
constant in this case, as in Example 1, because the change of coordinates involves
only linear functions. Since the area of P = 3(area of S), the scaling factor must
be precisely 3. |

2,3

0,2)

Figure 1: The parallelogram in the (z,y) system with vertices
(1,1),(0,2),(3,2),(2,3)
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.1 (I, 1)

Figure 2: The square in the (u,v) system with vertices (0, 0), (0,1), (1,0), (1,1)

Note in Example 3 that we can work backwards to compute the vectors w; and

wy from the formulas for x and y as w; = {%, %} , and wy = g—'f), g—ﬂ . This

will work in general for all change of variable transformations. The idea behind
this is that a unit rectangle in (u,v) coordinates is mapped to a region in (z,y)
coordinates that is approximated by a parallelogram whose sides are w; and wa,
as in Figure 3. The vectors w; and ws are tangent to the curved boundary of the
actual image of the rectangle under the transformation. But differentiation, along
with finding the tangent direction, also measures the rate of change, and so the
lengths of w; and wo also represent the amount of stretching taking place in each
of these directions. Hence, the scaling factor needed for the change of variable is the
area of this approximating parallelogram, which, by Theorem 3.1, is the absolute

oz Oy
Ju  Ou
value of
gz Oy
ov  Ov
Y
EE
v’ ov
x 9y A
gﬁ’au] !
u X

Figure 3: Converting a rectangle in (u,v) coordinates to an approximate
parallelogram in (z,y) coordinates

In Section 3.3, it is proved that for any square matrix A, |A| = |AT|. Hence we
oz Oz
could have also found the scaling factor as the absolute value of g: g; instead.
ou v
The matrix
Oz Oz
ou Ov
ou Ov
. . . . . z = z(u,v)
is called the Jacobian matrix of the change of coordinates function (u, )
Yy =yu,v

We will refer to |J| as the Jacobian determinant. In general, the correct scaling
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factor to change an integral [[ f(x,y)dx dy over a region R into (u,v) coordinates
R

is the absolute value of the Jacobian determinant, that is, ‘|J | ‘ Therefore, if S is

the region in (u,v) coordinates that corresponds to R, then

[[ 1@ wmdzay = [[ setwo)ywo) 3] duae,
R S

Just as in the one-variable case, the scaling factor can vary if the change of
coordinates is nonlinear, as we will see shortly.

> Polar Coordinates

The polar coordinate system is frequently used to represent points in a two-dimensional

space. In polar coordinates, each point P = (z,y) in the plane is assigned a

pair! of coordinates (r,), where r is the distance from the origin to P, and 6

is the angle between the positive x-axis and the vector having initial point at

the origin and terminal point P (see Figure 4). In all quadrants, the transfor-

mation from polar coordinates to standard (rectangular) coordinates is given by
=rcosf . .

{ =T o We can also convert from rectangular coordinates to polar coordi-

y = rsin
P2 = g2 4 g2

‘ .
nates using { tanf = % (when x # 0)

y y
@) =0
p
®y) =(r.0) \
P !
1 y=rsiné | r
! 1
r | |
I' y=rsing ]
! 1
! 1
9 J ! 0
[ i . )
x=rcosé x=rcosf
Quadrant I Quadrant Il

Figure 4 Relationship between standard coordinates and polar coordinates in
Quadrants I and II

It is useful to express certain double integrals in polar coordinates if the region
of integration (and/or the function involved) has radial or angular symmetry. In
these instances, we need to compute the determinant of the Jacobian matrix in
order to include the proper scaling factor when we change coordinates.

Oz Oz 9 ino
ou 0 cosf —rsin .
Il =17 %" =1 =rcos?f +rsin?f =r.
9y Oy sind rcosd
Ou v

IThe assignment of polar coordinates to a given point (z,y) is not unique. For example,
(z,y) = (\/g, 1) in rectangular coordinates can be represented as (r,0) in polar coordinates as
(2, %), (2, BT”) or (—2, %T) In general, (\/3, 1) can be expressed in polar coordinates as (r,0),

where r = £4/(v/3)2 412 = 42, and 6 = % +km, where k is an even integer when 7 is positive,
and k is an odd integer when r is negative.
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If we are careful to ensure that r > 0, the absolute value of |J| is also 7, and so this
is our scaling factor. Hence,

/R/f(x,y) de dy = /R[f(x(r, 0),y(r,0))rdrdo,

where R* is the region in the polar coordinate system corresponding to R. The
next example illustrates this geometrically.

ExAMPLE 4

Consider the square S in the (r,0) (polar) coordinate system with left bottom cor-
ner at (2, §), width Ar = 0.1, and height A = 0.1. The image R of this square in

T =1rcost

the (z,y) system under the polar coordinate map { is shown in Figure

5.

Now, the square S has area ArAf = (0.1)(0.1) = 0.01, and thus the area of R
is approximately equal to the product of the Jacobian determinant, r = 2, with the
area of S. Hence, the area of R ~ 2(0.01) = 0.02.

To understand this approximation, recall that the columns of the Jacobian ma-
trix represent vectors tangent at the corner point to the curved edges of R. When
these vectors are scaled properly by multiplying by Ar and A#, respectively, they
represent the sides of a parallelogram (shown in Figure 6) whose area approximates
the area of R. (In this particular case, the dot product of the columns is zero, and
so the parallelogram is a rectangle.)

Finally, we compute the actual area of R for comparison purposes. The actual
area of R is %(the portion of the circle involved) times the differences of the areas
of the circles of radii 2.1 and 2.0. Hence,

y=rsinf

Al 9 9 0.1 0.041
area of R = g(w(ll )—7(2%)) = %(W(O.éﬂ)) =—= 0.0205.

Thus, in this case, the scale factor obtained from the Jacobian induces an error

of only 0.0005, or, 2.5%. Of course, in the actual integration, both Ar — 0 and

Af — 0, which makes the percent error approach 0 as well (although we do not

prove this here). |
6 y
\
Tl R DQ//Q
6
Ar=0.1
I
s : r : x
1 2

Figure 5: Image R of polar coordinate system square S in rectangular coordinates
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o

|—2 sin &, 2 cos T (A9
1[5 int
|cos 6 Sin 6” lAr

Figure 6 The parallelogram formed by the columns of the Jacobian at the point
(2,%)

ExXAMPLE 5 Consider ff«/xQ + y2 dx dy over the region R given by 0 < r < 1+ cosf in polar
R

coordinates (see Figure 7). Now, v/22 4+ y2 =r, and so

27 1+cos 6
/ \/dedy = //r~rdrd9=/ / r*dr do
o Jo
R

o

27
= g/ (1+3cosf 4 3cos? 0 + cos® 0) db
0

14+cos@ 1

2m
df = 7/ (1+cosf)® df
0

3

0

2 2m
= %/ (3cosf + cos® 0) d0+é/ (1 + 3cos?0) db.
0 0

An appeal to symmetry considerations (or a tedious computation) shows the first
integral equals 0. Using a double-angle formula on the second integral, we obtain

1 [ 1 1 5 1.
5/0 <1+3(2+260526’>> df = (69+4sm29>

2
T Br

3

0

Figure 7: The region R in polar coordinates given by 0 < r <14 cosf
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» Triple Integrals

The situation for change of variables in three dimensions is similar. When con-
verting an integral in (x,y, 2z) coordinates to an integral in (u,v,w) coordinates,
any rectangular solid based at the point (z,y, z) and having sides Az, Ay, and Az
is mapped to a region approximated by a parallelepiped. The sides of this paral-
lelepiped are the columns of the Jacobian matrix evaluated at (x,y, z) multiplied
by Az, Ay, and Az, respectively. Thus, by Theorem 3.1, the absolute value of the
Jacobian determinant

9z Oz Oz

ou Ov Ow

II=| 5 5 5

0z 9z 0z

ou Ov Ow
provides the correct scaling factor for converting from xyz-space to uvw-space.
That is, dedydz = ‘|J\‘ du dv dw.

» Spherical Coordinates

One coordinate system frequently used in three dimensions is spherical coordinates.
If P = (z,y, 2) is a point in the rectangular coordinate system and v is a vector from
the origin to P, then P is assigned coordinates (p, ¢,0) in spherical coordinates,
where p = ||v]|, ¢ is the angle between the vector [0,0,1] and v, and 6 is the angle
between the vector [1,0,0] and the projection of v onto the zy-plane (see Figure
8). From elementary trigonometry, we find that

x = psin ¢ cosf p?=x? +y? + 22
y = psin ¢sin 6 tanf = £, when z # 0

z = pcos COS(b:\/ﬁ.

¢ P = (psin ¢ cos b,
psin ¢sin 6,
pcos ¢)

Figure 8: Spherical coordinates for P = (x,y, 2)
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Hence,
Oz Oz Oz
op 99 09 sinpcosf pcospcost —psingsinb
| = 2% % % = | sin¢sinf pcos¢sing psin¢gcosd
9z 0z 0z cos ¢ —psing 0
ap 9¢ 08
— cosg| POOSPC0SO —psingsind | . |singcosd —psingsing
pcosgsing  psin ¢ cos b singsinf psin¢cosf

= cos ¢(p* cos Ppsin ¢ cos O + p* cos Psin sin’ 0)
+ psin ¢(psin® ¢ cos? § + psin? ¢sin? 0)

= p?cos?® ¢sin p(cos® O + sin? @) 4 p? sin® ¢(cos? f + sin? §)

= p?cos® gsin + p?sin® ¢

= p?sin ¢(cos? ¢ 4 sin? @)

= p?sin .
Since 0 < ¢ < 7 in spherical coordinates, the quantity p?sin ¢ is always nonnega-
tive. Hence, when converting an integral from zyz-coordinates to p@f-coordinates,

we have
dz dydz = p? sin ¢ dp dep do

EXAMPLE 6

We find the volume of the region R bounded below by the upper half of the cone
2?2 = 22 + y? and bounded above by the sphere x2 + 3> + 22 = 8 (see Figure 9).

Now,
volume of R = ///1d$dydz.
R

Converting to spherical coordinates, we have

volume of R = ///p2 sin ¢ dp d¢ db.
R

Since the radius of the sphere is v/8, p ranges from 0 to v/8. The sides of the cone

are at a 45° angle from the z-axis, and so ¢ ranges from 0 to 7. Hence, changing

to an iterated integral, we obtain

2 T V8
volume of R = / / / p?sin ¢ dpde d
o Jo Jo

[ Gl

/277/ —Slnaﬁdd)dﬁ
5/

de do

= ——— (cosgb) d9
3 Jo 0
2
_ 8 g?l) w
0
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Figure 9: Region R bounded below by the upper half of the cone 22 = 22 + 2 and
bounded above by the sphere 22 + 3% 4+ 22 =8

» Cylindrical Coordinates
Another frequently used three-dimensional coordinate system is cylindrical coordi-
nates, (r,0,z), in which the r and 6 variables provide a polar coordinate system in
the xy-plane, and z is unchanged from rectangular coordinates. Thus,

T = 7cosb
y=rsind .
z2=2z

In Exercise 3, you are asked to show that the Jacobian determinant for a transfor-
mation from rectangular to cylindrical coordinates is 7, and hence

dedydz =rdrdfdz.

» Higher Dimensions

The method we have shown for changing variables in double and triple integrals
also works in general for multiple integrals in R™. In particular, to change from
T1T3...T, coordinates to ujus...u, coordinates, we must calculate the absolute
value of the determinant of the Jacobian matrix,

311 aml - 611
ouy Ous Ounp
Oy Ozy ., Ozp
Ouy Ous Ounp
J| = : ,
x, Oz . Ozy
8U1 8u2 81Ln

and then we have,
dzy das . .. day, = ‘|J|] duy dus . .. dun,.

» New Vocabulary

cylindrical coordinates
Jacobian determinant
Jacobian matrix

polar coordinates
spherical coordinates
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» Highlights

» EXERCISES

10

e For the change of coordinates function { N i , the Jacobian matrix is

oz Oz

J = [ ZZ g; 1 , and its determinant, |J|, is called the Jacobian determinant.
Ou v

e The scaling factor involved when converting a double integral from one set

of coordinates to another is the absolute value of the Jacobian determinant.

That is, if f is a function of variables z and y, R is a region in (z,y) coordi-

nates, and S is the corresponding region in (u,v) coordinates, then
[ 1@ dsdy= [[ .y o) 3] dude,
R S

e When converting from (z, y) coordinates to (u, v) coordinates, dz dy = ’\J|‘ du dv.

In particular, in polar coordinates, where x = r cosf and y = rsin #, we have
dxdy = rdrdf.

e When converting an integral in (z,y, z) coordinates to an integral in (u, v, w)
coordinates, the absolute value of the Jacobian determinant
9z Oz Oz
ou Ov Ow
I =| % % o
ou v Ow
0z 9z 0Oz
ou Ov Ow

provides the correct scaling factor for converting from xyz-space to uvw-space.
That is, dz dy dz = ‘ 1] ’ du dv duw.
e In spherical coordinates, where x = psin ¢ cosf, y = psin¢sinf, z = pcos ¢,

we have dx dy dz = p?sin ¢ dp do db.

e In cylindrical coordinates, where £ = rcosf, y = rsinf, z = z, we have
drdydz =rdrdfdz.

e When converting from x5 ...z, coordinates to ujus ...u, coordinates, the
Jacobian matrix is

dxy Oz . Oz
ouy Ous Ounp
Omy  Oxzy .. Ozp
J — 81.L1 8’.u,2 aun ,
oxy, Oz . Ozp
ouy Ous Ounp
and we have dz; dzy...dx,, = ‘|J|‘ duy dus . . . du,.

1. For each change of variable formula, compute dz dy in terms of du dv.

*x a)r=u+v,y=u—"0
b) z =u? 4+ % y=u?—0v?

* ¢) z=u?—v% y=2uww

— u — —v
d) T = u2+v2;y_ u24v?2
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2w 1-(u?e?)
* e) T = (u+1)240v2> y= (u+1)240v2

2. For each change of variable formula, compute dz dy dz in terms of du dv dw.

* a)rz=utv,y=v+w, z=w+u
b) z=3u+v4+w,y=3v+w, z=w

. u _ v _ w
* C) T= it re2 Y= w2502 w?’ © = w2ioltul
d) =% y=u, z=ucosv (for u>0)

3. Show that |J| = r for the change of variables from rectangular coordinates to
cylindrical coordinates.

4. Compute each of the following integrals by changing to the indicated coordi-
nate system:

% a) [[(xz+y)dzdy, where R is the region in the first quadrant between the
R

circles 2 + 2 = 1 and 2% + y? = 9; polar coordinates

b) [[1dxdy, where R is the region inside the innermost ring of the spiral
R

r = 6 in the first quadrant (see Figure 10); polar coordinates

5

St

-

-5 5

=
Figure 10: The spiral r = 6

% ¢) [[[zdxdydz, where R is the half of the sphere of radius 1 centered at
R

the origin which is above the xy-plane; spherical coordinates
d) fffm dz dy dz, where R is the shell between the spheres of radii
R

2 and 3 centered at the origin; spherical coordinates
* e) [[[(z?+y?+2?)dxdydz, where R is the region defined by z? + y* < 4
R

and —3 < z < 5; cylindrical coordinates
% 5. True or False:

a) A linear change of coordinates for an integration results in a constant
scaling factor with respect to the associated integrals.

b) For the change of variables u = y, v = x, we have dudv = 1dz dy.
c) A rectangle in ww-coordinates with sides Au and Awv is mapped by a
change of coordinates to a region whose area is approximated by the

area of the parallelogram with sides [g—z, %] Au and {%, %} Av.

d) The scaling factor for a change of variables in integrals is always the
determinant of the Jacobian matrix.
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> Answers to Selected Exercises
(1) (a) dx dy=2dudv
(c) dz dy = 4(u® +v?) du dv

_ 8lv|

(2) (a) dx dy dz =2 du dv dw

(¢) dx dy dz = (m) du dv dw
@ (a) F

(© T

(¢) S00r
() (2) T

(b) T

(¢) T

(d) F
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